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Composite materials are widely used in industrial applications because of their excellent
properties and behaviors. While a composite material is deﬁned as a mixture of two or
more different materials, many research works in the literature dealt with composites of
only two constituents, which are matrix and one type of particles. On the other hand,
the theoretical research works that dealt with more than two constituents are rare. Using
some additives affects the sintering behavior, the tribological behavior and the fracture
mechanics behavior of composites. For example, a suitable amount of additives as sintering
aids, in the sintering process, could lower the sintering temperature, enhance phase wet-
tability and bonding strength and improve the interlaminar fracture resistance of a com-
posite. Therefore, it is worthwhile to develop the constitutive laws that describe the
behavior of such composite materials. Accordingly, the aim of this paper is to modify the
previous paper, Shabana (2003) [Shabana, Y.M., 2003. Incremental constitutive equation
for discontinuously reinforced composites considering reinforcement damage and thermo-
elastoplasticity. Computational Materials Science 28, 31–40], in order to propose constitu-
tive laws that predict the thermomechanical behavior of composites containing multi-type
ellipsoidal reinforcements. This includes reinforcements with different materials and/or
different shapes that are represented by aspect ratios. These constitutive laws not only pre-
dict the macroscopic and microscopic thermoelastoplastic behaviors of composites con-
taining multi-type ellipsoidal reinforcements, but also characterize their different overall
effective properties such as modulus of elasticity, Poison’s ratio and thermal expansion
coefﬁcient in different directions. Beside this, they are applicable for porous materials
and composites with multiple reinforcements and porosities of different shapes and distri-
butions. In the present numerical analyses, composites with two, three and four constitu-
ents considering different materials and aspect ratios as well as reinforcement damage are
discussed.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Because of their excellent behavior and strength-to-weight ratio, composite materials are important in a wide variety of
scientiﬁc and engineering applications including electronic encapsulation, functionally graded materials, and ﬁber-rein-
forced structural components. Predicting the thermomechanical response of materials is one of the grand challenges in
materials modeling. Therefore, many models are introduced in the literature for predicting the composites’ effective prop-
erties and behaviors in order to set up a more realistic model. However a composite material is deﬁned as a mixture of two or
more different materials, a lot of research work investigated composites of two constituents. These two constituents are a
matrix and one type of reinforcements. One type of reinforcements means that all reinforcements have the same shape. All rights reserved.
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Cho et al. (1997) studied the elastic stress distribution and load carrying capacity of intact and broken ellipsoidal inhomo-
geneities embedded in an inﬁnite body. Based on Cho et al. (1997), Tohgo and Cho (1999) proposed an incremental damage
theory that accounted for the cracking damage of the reinforcements. Then, Shabana (2003) modiﬁed the incremental dam-
age theory by Tohgo and Cho (1999) by taking account of thermal effect. The effects of reinforcement debonding on the
behaviors of composites under different loading conditions are the focus of investigations by Asakawa et al. (1994), Tohgo
and Weng (1994) and Cho (1997). Other different methods including the homogenization method are used to evaluate the
behaviors of these composites (Pierard et al., 2007; Bohm et al., 2002; Okada et al., 2001; Terada and Kikuchi, 1996). Also,
Zhao andWeng (1997) studied the effective transversely isotropic moduli of two hybrid composites containing both partially
debonded and perfectly bonded spheroidal inclusions.
There are many reasons for the existence of second type particles in composites. During the fabrication process, different
particles may form in the matrix due to the reactive process (Feng and Froyen, 2000). Also, the second type particles could
improve the processing of the composites. For example, the sintering additives could increase the green density (Bruck et al.,
2007), lower the sintering temperature and/or suppress the grain growth (Wang, 2001). Moreover, additives may triple the
strength and double or even triple the toughness (Weimer and Bordia, 1999; Lagrange and Colomban, 1998; Ling et al.,
2001). During the practical use of composites, second type particles can improve delamination and fracture resistance with-
out consequently compromising the strength to weight properties and corrosion resistance (Vickers et al., 2000). In addition,
incorporating second type particles deﬂects the crack making it travels a more tortuous path (Weimer and Bordia, 1999).
Furthermore, additives may have a detrimental effect on the critical strain energy release rate (Pierard et al., 2007; Vickers
et al., 2000) and lower the impact strength (Kishore et al., 2002). Eventually, adding second type particles in composites has a
great effect on their properties and consequently their behaviors, which include thermomechanical, rheological, tribological
and fracture mechanics behaviors. Accordingly, there is a great need for developing constitutive laws that predict the behav-
ior of composites containing multi-type reinforcements.
Few attempts are available for the theoretical analysis of composites containing multi-material reinforcements. Hu et al.
(1998) modeled the effects of particle fracture or particle cluster by considering a perfect composite containing two popu-
lations of spherical inclusions. But they did not analyze the microscopic behaviors of the matrix and the particles. Also, their
model is not applicable for structures subjected to thermal loading conditions as they did not consider the thermal effect
(temperature change). In order to analyze the interphase effect, Berger et al. (2007) attempted to envisage the effective ther-
momechanical properties of three phase composites made up of coated square arrangements unidirectional cylindrical ﬁbers
using homogenization techniques. Also, Christensen and Lo (1979) studied the effective shear modulus of two types of com-
posite materials’ models. The ﬁrst type is that of a macroscopically isotropic composite medium containing spherical inclu-
sions. The corresponding model employed is involving three phases: the spherical inclusion, a spherical annulus of the
matrix material and an outer region of equivalent homogeneous material of unlimited extent.
Nevertheless, according to the author’s knowledge, no micromechanical model has been reported yet for a composite con-
taining multi-type reinforcements considering the microscopic stress state of the constituents and the progressive cracking
damage under thermomechanical loading conditions. Therefore, in the present paper, a modiﬁcation of the previous paper,
Shabana (2003), is introduced in order to propose constitutive laws that predict the thermal and/or mechanical macroscopic
and microscopic behaviors of composites containing multi-type reinforcements based on the micromechanics principles. The
elastoplasticity and the reinforcement damage, mainly cracking and debonding damage, are considered for composites un-
der thermomechanical loading conditions. Hence, for each type of particles, three phases exist in the general case. These are
the intact and the damaged particles and the particle in the damage process. As a result, these constitutive laws are appli-
cable for porous materials and composites containing multiple inclusions and porosities of different shapes and distribu-
tions. As the proposed constitutive laws can characterize composites’ effective properties, the inﬂuence of using particles
of different materials and/or different aspect ratios on the variation of Young’s modulus, Poisson’s ratio and coefﬁcient of
thermal expansion in different directions is discussed. Moreover, the tensile stress–strain response and the damage evolu-
tion of the particles are investigated and discussed in order to understand the behavior of such modern materials. In the
numerical analyses, composites with two, three and four constituents considering different materials and aspect ratios as
well as reinforcement damage are studied.
2. Load carrying capacity of ellipsoidal inhomogeneity
This investigation quantitatively demonstrates the effects of including different particle types in the host matrix on the
overall effective properties and the elastic–plastic thermomechanical behaviors of composites. In the general case, the shape,
volume fraction and material of a particle type are different from those of other types. However, macroscopic analyses pro-
vide insufﬁcient details when the interest is in local behavior because they do not provide any information about the local
stresses that are essential for the prediction of cracking and/or damage of the reinforcements. Therefore, the microscopic
analyses of composites are of great importance because if the stress in a particle exceeds a certain limit, the particle may
be cracked or debonded from the matrix.
Fig. 1(a) shows the geometry of the considered intact ellipsoidal inhomogeneity, which has an aspect ratio k (=b/a),
embedded in an inﬁnite body under an applied stress r. When the particle stress increases beyond a certain limit, the par-
ticle may be cracked. Cho et al. (1997) studied the stress distribution and the average stress in an ellipsoidal inhomogeneity
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Fig. 1. Intact and broken ellipsoidal inhomogeneities in an inﬁnite body subjected to an applied stress r.
826 Y.M. Shabana / International Journal of Solids and Structures 46 (2009) 824–836cracked on the cross section of xy-plane, as shown in Fig. 1(b), by the use of the ﬁnite element analysis. However the stress
distribution in the broken inhomogeneity is very complex, the average stress of the cracked inhomogeneity can be described
in a simple form asrcp ¼ krp; ð1Þ
where rp is the stress of the intact ellipsoidal inhomogeneity, and k is the average stress of the broken inhomogeneity rel-
ative to that of the intact one.
Therefore, there are three cases of the load carrying capacity of a reinforcement, depending on the damage mode as
follows:
k = I for intact reinforcement,
k = 0 for reinforcement debonded from the matrix (completely damaged),
0 < k < I for cracked reinforcement (partially damaged),
where I is the identity matrix and the coefﬁcient k for the axisymmetric ellipsoidal inhomogeneity is described in the matrix
form as (Cho et al., 1997)k ¼
1 0 h13 0 0 0
0 1 h13 0 0 0
0 0 1þ h33 0 0 0
0 0 0 1þ h44 0 0
0 0 0 0 1þ h44 0
0 0 0 0 0 1
2
666666664
3
777777775
: ð2ÞThe three components h13, h33 and h44 are given in Cho et al. (1997) as functions of inhomogeneity aspect ratio, including
prolate and oblate shapes, and for a variety of combinations of the elastic moduli of the constituent materials.
3. Properties of the constituent materials
The main objective of the present analyses is to develop constitutive laws applicable for composites containing reinforce-
ments made of different materials and/or have different shapes. In the composite system, the matrix undergoes an elastic–
plastic deformation and all types of the reinforcements deform elastically. The elastic incremental stress–strain relation of
the reinforcements and the matrix, considering temperature change, is given by Hook’s law.dri ¼ LiðEi; miÞ½dei  N i dT ði ¼ 0;1;2; . . . ;nÞ; ð3Þ
where the subscript i = 0 refers to the matrix and i = 1, . . . ,n refers to the different types of the reinforcements. LiðEi; miÞ is the
elastic stiffness tensor described by Young’s modulus Ei and Poisson’s ratio mi. dT is the temperature change. Ni represents the
thermal expansion coefﬁcient as
Ni = aidij for normal stress components,
Ni = 0 for shear stress components,
where, dij is the Kronecker’s delta function.
When the matrix plastiﬁes and the elastic–plastic deformation occurs under monotonic proportional loading, the Pra-
ndtl–Reuss equation (J2-ﬂow theory) is approximated by the same form as the elastic relation (Tohgo and Cho, 1999)
Fig. 2.
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where L0ðE00; m00Þ is the equivalent tangent modulus obtained by replacing E0 and m0 with E00 and m00 in L0ðE0; m0Þ. E00 and m00 are
the equivalent Young’s modulus and Poisson’s ratio under the elastic–plastic deformation and are given byE00 ¼
E0
1þ ðE0=H0Þ
; m00 ¼
m0 þ ðE0=2H0Þ
1þ ðE0=H0Þ
; ð5Þwhere H
0
is the work-hardening ratio of the matrixH0 ¼ dre
depe
; ð6Þ
dre ¼ 32dr
0
ij dr
0
ij
 1=2
; depe ¼
2
3
deplij de
pl
ij
 1=2
; ð7Þdre and de
p
e are von Mises incremental equivalent stress and equivalent plastic strain, respectively.
In the following analysis, the stress and strain of the intact and damaged reinforcements and the matrix are represented
by symbols with the superscripts p, d and 0, respectively, and the overall composite stress and strain are shown by symbols
without superscripts.
4. Incremental constitutive equation
Need for estimating the behaviors of composites containing multi-type reinforcements has naturally arisen as they are
used increasingly in different engineering applications. Micromechanical analysis of heterogeneous materials provides their
overall effective properties and behaviors. These overall effective properties and behaviors are depending mainly on the
properties of the constituent materials. Hence, using multi-material reinforcements and/or reinforcements with different
shapes, which represented by aspect ratios, could modify the composite behavior. For example, adding some particles results
in almost homogeneous shrinkage all over the layers in FGM powder compacts (Shinagawa, 2003). Also, shrinkage can be
controlled by using different powder size distributions (Kwon et al., 1997). Therefore, the formulation of elasto-plastic con-
stitutive laws that provide the microscopic and macroscopic behaviors of this class of composites under thermal and/or
mechanical loading conditions is presented considering the reinforcement damage. Moreover, these constitutive laws are
applicable for porous materials if the particles are replaced by voids.
4.1. Formulation
Fig. 2 illustrates the states before and after an incremental deformation of a composite containing two types of particles,
in the damage process. The state before the incremental deformation, shown in Fig. 2(a), is described in terms of the volumeDamaged 
particle
(void)
Intact 
particle I 
Intact particle volume fraction:  fp1, fp2
Cracked particle volume fraction:  fd
Matrix volume fraction: 1 - fp1 - fp2 - fd
Matrix
σ
Damaged particles in the 
incremental deformation 
Intact particle: fp1 - dfp1, fp2 - dfp2
Cracked particle: fd + dfp1 + dfp2
Matrix: 1 - fp1 - fp2 - fd
σ+dσ
Intact 
particle II 
a b
Cracking of inhomogeneities for a composite containing two particle types. (a) Before incremental deformation, (b) After incremental deformation
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mental deformation are denoted by dfp1 and dfp2, the state after deformation, shown in Fig. 2(b), is described in terms of the
volume fractions of the intact and damaged particles fp1  dfp1, fp2  dfp2 and fd + dfp1 + dfp2.
A composite containing a number of different particle types n, has particles that are different in geometry and/or material.
The following analyses are related to the particles of type i and based on the formulation by Tohgo and Cho (1999). Following
Eshelby’s equivalence principle combined with Mori–Tanaka’s mean ﬁeld concept, the incremental stress in the intact par-
ticle of type i, drpi , is given bydrpi ¼ drþ d~rþ drpt1i ¼ Liðde0  N i dT þ d~eþ dept1iÞ ¼ L0ðde0  N0 dT þ d~eþ dept1i  de1iÞ: ð8Þ
Referring to Eq. (1), the Eshelby’s equivalence principle for the cracked reinforcement may be written in the form ofkidr
p
i ¼ drþ d~rþ drpt2i ¼ kLiðde0  N i dT þ d~eþ dept1iÞ ¼ L0ðde0  N0 dT þ d~eþ dept2i  de2iÞ: ð9ÞFurthermore, for the reinforcement in the cracking process, since the current reinforcement stress should be released up to
kir
p
i in the incremental deformation, the following equation is obtained:ðI  kiÞrpi ¼ drþ d~rþ rpt3i ¼ L0ðde0  N0 dT þ d~eþ ept3i  e3iÞ: ð10Þ
In the above equations, dr and d~r are the incremental applied stress and the incremental average stress based on Mori and
Tanaka’s mean ﬁeld concept, and they are related to de0 and d~e bydr ¼ L0ðde0  N0 dTÞ; d~r ¼ L0 d~e: ð11Þ
drpt1i ; dr
pt
2i ; r
pt
3i and de
pt
1i ; de
pt
2i ; e
pt
3i represent the perturbed parts of the stresses and strains in the intact and damaged reinforce-
ments and the reinforcement to be cracked, respectively. de1i; de

2i and e

3i are the Eshelby’s equivalent transformation
strains. The perturbed strains are related to the transformation strains bydept1i ¼ Si de1i; dept2i ¼ Si de2i; ept3i ¼ Sie3i; ð12Þ
drpt1i ; dr
pt
2i and r
pt
3i are described bydrpt1i ¼ L0ðSi  IÞdei1; drpt2i ¼ L0ðSi  IÞde2i; rpt3i ¼ L0ðSi  IÞe3i ð13Þ
where Si denotes the Eshelby’s tensor of particle type i that is expressed as a function of the shape of the inhomogeneity and
the Poisson’s ratio of the matrix.
Since the incremental overall composite stress dr is represented by the average stress of the composite as follows:dr ¼
Xn
j¼1
ðfpj  dfpjÞdrpj þ fdjkjdrpj  dfpjðI  kjÞrpj
n o
þ ð1
Xn
j¼1
ðfpj þ fdjÞ
" #
ðdrþ d~rÞ ð14Þthe incremental average stress d~r is given byd~r ¼ 
Xn
j¼1
ðfpj  dfpjÞdrpt1j þ fdj drpt2j þ dfpjrpt3j
n o
: ð15ÞSubstituting Eqs. (11) and (13) into (15), the incremental average strain is expressed byd~e ¼ 
Xn
j¼1
ðSj  IÞ ðfpj  dfpjÞde1j þ fdj de2j þ dfpje3j
n o
: ð16ÞUsing Eqs. (8)–(10) and taking Eqs. (12) and (16) into consideration, the following relations are obtained after some math-
ematical manipulations.L10 ðI  kiÞrpi ¼ ½ðL0  LiÞ1ðLiai  L0a0Þ þ a0dTdij þ ½Si  ðL0  LiÞ1L0de1i  ðSi  IÞe3i; ð17Þ
L10 ðI  kiÞrpi ¼ ½ðL0  kiLiÞ1ðkiLiai  L0a0Þ þ a0dTdij þ ðL0  kiLiÞ1L0ðSi  IÞde2i
 ðL0  kiLiÞ1kiLiSide1i  ðSi  IÞe3i; ð18Þ
 L10 ðI  kiÞrpi ¼ de0  a0 dTdij 
Xn
j¼1
ðSj  IÞfðfpj  dfpjÞde1j þ fdj de2j þ dfpje3jg þ ðSi  IÞe3i ð19ÞFor a certain number of reinforcement types, the Eshelby’s equivalent transformation strains, de1i; de

2i and e

3i, are obtained
by solving the simultaneous groups of Eqs. (17)–(19). In the general case, there are three phases for each particle type, and
there are six components of the transformation strain for each phase. However, a closed form solution was obtained (Sha-
bana, 2003) for the case where all reinforcements are made of the same material and have the same aspect ratio, i.e. one type
of particles. But for many reinforcement types made of different materials and/or with different aspect ratios, it is difﬁcult
and complicated to get closed-form solutions. Therefore, numerical methods such as Gauss elimination method may be used
in this case to overcome such a difﬁculty.
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Xn
j¼1
ðfpj  dfpjÞðde0 þ d~eþ dept1jÞ þ fdjðde0 þ d~eþ dept2jÞ
n
þdfpjðde0 þ d~eþ ept3jÞ
o
þ ð1
Xn
j¼1
ðfpj þ fdjÞ
" #
ðde0 þ d~eÞ: ð20ÞConsidering Eqs. (12) and (16), the above relation becomesde ¼ de0 þ
Xn
j¼1
ðfpj  dfpjÞde1j þ fdjde2j þ dfpje3j
n o
: ð21ÞSubstituting Eq. (11) and the obtained transformation strains, the incremental overall incremental strain, de, incremental
stress, dr, relation of the composite can be evaluated. The incremental macroscopic strain of the composite consists of three
main parts. These are the strain increments due to the stress increment, the cracking damage and the temperature change.
The effective mechanical properties of the composite, such as Young’s and shear moduli and Poisson’s ratio in different direc-
tions, can be extracted from the ﬁrst part. On the other hand, the coefﬁcient of thermal expansion CTE of the composite can
be extracted from the third part.
The microscopic constitutive behavior allows a more complete assessment of the resulting local stresses and helps for
safe thermomechanical behaviors of composite materials. Therefore, the microscopic stresses and strains of the matrix
and particles are introduced here. The incremental average stress of the matrix, drm ¼ drþ d~r, is given bydrm ¼ L0 de0  N0dT 
Xn
j¼1
ðSj  IÞ ðfpj  dfpjÞde1j þ fdj de2j þ dfpje3j
n o" #
: ð22ÞMoreover, the incremental average stresses of the intact and damaged reinforcements of type i aredrpi ¼ drþ d~rþ drpt1i ;
drpi ¼ drm þ L0ðSi  IÞde1i;
drdi ¼ kidrpi
ð23ÞFurthermore, the incremental average strains of the matrix and the intact and damaged reinforcements can be evaluated
fromdem ¼ L10 drm;
depi ¼ L1i drpi ; ð24Þ
dedi ¼ de0 þ d~eþ dept2i :4.2. Cumulative probability of damaged reinforcements
The damage probability of the reinforcements is assumed to obey Weibull’s distribution. Therefore, the following relation
is adopted for the cumulative probability of the fracture of reinforcements of type i:PviðrpimaxÞ ¼ 1 exp 
r
p
imax
S0i
 mi" #
; ð25Þwhere rpimax is the maximum tensile stress of the reinforcement and S0i and mi are the scale and shape parameters, respec-
tively. The average strength of the reinforcement is given byrpimax ¼ S0iC 1þ
1
mi
 
; ð26Þwhere C() is the Gamma function.
If the initial volume fraction of the reinforcements is denoted by fpoi, the cumulative volume fraction of the damaged rein-
forcements is represented by fpoiPvi, and the volume fraction of the reinforcements to be cracked in the incremental defor-
mation, dfpi, is given bydfpi ¼ fpoi dPvidrpimax
drpimax: ð27Þ5. Results and discussions
The developed constitutive laws are applicable for composites containing particles made of different materials and/or
have different shapes. These different shapes include spherical, which represents the most common particle shape, and
830 Y.M. Shabana / International Journal of Solids and Structures 46 (2009) 824–836non-spherical particles. Non-spherical particles include oblate and prolate shapes, which are of some particular interest.
These constitutive laws are also applicable for porous materials with different void shapes. In this case, the particles are re-
placed by voids.
Since the reinforcement damage is considered, there are three phases for each particle type in the general case. However,
these constitutive laws are also applicable for perfect composites (k = I) in which there is only one phase, which is the intact
particle, for each particle type at all times. The following values are used throughout this section unless otherwise men-
tioned: E0 = 500r0, E1 = 5E0, E2 = E3= 10E0, m0 = 0.3, m1 = m2 = m3 = 0.17, k1 = k2 = 1, k3 = 0.5, a0 = 0.1, a1 = 0.05, a2 = 0.01, and
a3= 0.001. Where r0 is the yield strength of the matrix material and it is chosen to equal unity.
For the elastic–plastic analyses, the equivalent stress-equivalent plastic strain relation of the matrix is given byr0e ¼ r0 1þ
e0pe
e0
 !0:1
; e0 ¼ r0E0
 
: ð28ÞFor the Weibull distribution of reinforcement damage, Eq. (25) with m = 5 and rpmax ¼ 3r0 is adopted for all particle types.
5.1. Validation of the constitutive laws
To check the validity and accuracy of the proposed constitutive laws, it is worth referring to the results available in the
literature and then compare them with those obtained by the current constitutive laws. Fig. 3 shows the variations of the
effective Young’s modulus (E) and Poisson’s ratio (m) with the particle volume fraction fp1 of a perfect composite containing
two types of spherical reinforcements as fp2 = 10% and fp3 = 0. The results by Hu et al. (1998) and the current constitutive laws
are shown. It can be seen that the obtained results of the effective Young’s modulus and Poisson’s ratio are the same as those
of Hu et al. (1998). Since the rule of mixture represents the upper bound, its predictions of the effective Young’s modulus are
higher than both approaches as shown in the ﬁgure.
Fig. 4 depicts the overall response of a porous material with spherical pores when Young’s modulus, Poisson’s ratio and
the void volume fraction are 200, 0.3 and 6.5%, respectively. The equivalent stress–strain relation of the matrix material is
described byðr0e=r0Þ10  r0e=r0 ¼ ð3l0=r0Þe0pe : ð29Þ
The results provided by the present constitutive laws, and those of Qiu and Weng (1992), Gurson (1977) and Tvergaard
(1981) – all taken from Qiu and Weng (1992) – are shown. It can be seen from Fig. 4 that the results of Tvergaard represent
the lowest level. The theoretical and the ﬁnite element results of Qiu andWeng (1992) are close to those of Gurson. However
the obtained results by the present constitutive laws are slightly higher than those of Qiu and Weng (1992), they are, in gen-
eral, in a good agreement with those of Gurson (1977). Also, the evaluated matrix stress is seen to be very consistent with the
results of Qiu and Weng (1992). It can be concluded that the quantitative accuracy of the present constitutive laws is seen to
be satisfactory and therefore they are applicable for predicting the behaviors of not only the particle-reinforced composites
but also of the porous materials.
5.2. Effects of particles’ geometries and materials
Fig. 5 shows the effect of the particles’ geometries and properties on the effective Young’s modulus in the loading
direction shown in Fig. 1. The four cases listed in the ﬁgure are related to four different perfect composites. Case 1 is for0.30
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Y.M. Shabana / International Journal of Solids and Structures 46 (2009) 824–836 831a composite containing one type of particles, i.e. fp2 = fp3 = 0. Case 2 is for a composite containing two particle types made of
the same material but have different shapes. In other words, fp2 = 10%, fp3 = 0, E2 = E1 and k2 = 10. Case 3 is same as Case 2 but
the two particle types have the same shape and made of different materials, i.e. k2 = 1 and E2 = 2E1. Finally, Case 4 combines
the effects of both of Case 2 and Case 3, i.e. k2 = 10 and E2 = 2E1. It can be seen from Fig. 5 that the existence of the second
particle type increases the Young’s modulus as Case 2 and Case 3 have higher levels than that of Case 1. Also, for the main
range of fp1, the considered difference in particles’ geometries affects Young’s modulus more than the considered difference
in particles’ materials as Case 2 has a higher level than that of Case 3. However, combining both effects of the particles’
shapes and materials (Case 4) results in the highest Young’s modulus.
Fig. 6 shows the effect of the particles’ geometries and properties on the macroscopic elastic–plastic stress–strain relation
in the loading direction at fp1 = 10% and considering the cracking damage of the reinforcements. Including the second particle
type makes the composite more strong as the toughness of either Case 2 or Case 3 is higher than that of Case 1. Also, the
considered difference in particles’ geometries leads to a substantially stiffer response than that of the considered difference
in particles’ materials as Case 2 has a higher level than that of Case 3. However, combining both effects of the particles’
shapes and materials (Case 4) results in the strongest composite. Therefore, the present constitutive laws can be used to tai-
lor a composite material for certain desirable values of the different effective properties such as Young’s modulus, toughness
and yield and ultimate strengths.
Macroscopic behaviors provide insufﬁcient details of the composite performance. Therefore, it is important to study the
microscopic behaviors of composites as they allow more complete assessment of the resulting local stresses. Figs. 7 and 8
show the matrix stress and the ﬁrst type particle stress for the four cases that previously mentioned. Referring to Figs. 7
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Fig. 6. Effects of the particles’ geometries and properties on the stress–strain relation for a composite containing two particle types.
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Fig. 7. Effects of the particles’ geometries and properties on the matrix stress for a composite containing two particle types.
0.0
0.5
1.0
1.5
2.0
2.5
3.0
51.01.050.00
ε z
Pa
rti
cl
e 
st
re
ss
 
Case 1
Case 2
Case 3
Case 4
Fig. 8. Effects of the particles’ geometries and properties on the stress in the ﬁrst type particles for a composite containing two particle types.
832 Y.M. Shabana / International Journal of Solids and Structures 46 (2009) 824–836and 8, it can be noted that the differences between the effects of the particles’ geometries and particles’ materials are small
for both the matrix and the particle stresses. But this band of differences is large for the macroscopic stress. Also, the particle
stress has higher levels than those of the matrix and macroscopic stresses, this may lead to a severe damage of the particles
in some cases. Moreover, the matrix stress is almost the same for both Case 2 and Case 4, and this behavior exists for the
particle stress too. This may be due to the damaged particle volume fraction during the loading process.
Y.M. Shabana / International Journal of Solids and Structures 46 (2009) 824–836 833Fig. 9 shows the total cracking damage evolution of all particle types (fd) and the cracking damage evolution of the ﬁrst
type particles (fd1) for the four cases. It can be seen that the difference between the four cases of the damage evolution of the
ﬁrst type particles is small. Comparing Case 1, Case 2 and Case 4, it can be concluded that when the composite contains par-
ticles of high aspect ratio, almost all particles are damaged within the elastic region. Therefore, the considered difference in
particles’ geometries rapidly increases the damage evolution more than the considered difference in particles’ materials. As a
result, if the designed particle aspect ratio is high, it is better to have high bonding strength between the particles and the
matrix in order to decrease the particle damage. This can be attained by, for example, using an interphase between the par-
ticles and the matrix.
Fig. 10 shows the variation of the effective coefﬁcient of thermal expansion normalized to that of the matrix material
(normalized CTE) for the four cases of perfect composites. As all particle types have lower CTE than the matrix, it can be seen
that Case 1 has the highest level of the normalized CTE. For the main range of fp1, the considered difference in particles’
geometries affects the normalized CTE more than the considered difference in particles’ materials as Case 2 has a lower level
than that of Case 3. However, combining both effects of the particles’ shapes and materials (Case 4) results in the lowest nor-
malized CTE, the superposition principle is not applicable as it overestimates the normalized CTE.
In order to have some insight to the effective properties of the composite in different directions, Fig. 11 shows the var-
iation of the ratio of the CTE in the loading direction (z) to that of the transverse direction (CTE ratio) for the four cases of
perfect composites. It should be noted here that the CTE in both transverse directions (x and y) is the same. It can be seen
that, when all particles are spheres, the CTE ratio equals unity as in Case 1 and Case 3. This is due to the fact that the particles
are mechanically constraining the matrix with the same amount in all directions. If the particles have high aspect ratio, the
CTE ratio is lower than unity because the long stiff particles prevent the matrix from expanding in z-direction, and as a result
the matrix is forced to expand more than usual in the transverse directions. This results in lower CTE in z-direction than that0.00
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Fig. 9. Effects of the particles’ geometries and properties on the damage evolution for a composite containing two particle types.
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Fig. 10. Effects of the particles’ geometries and properties on the normalized CTE of a composite containing two particle types.
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Fig. 11. Effects of the particles’ geometries and properties on the CTE ratio of a composite containing two particle types.
834 Y.M. Shabana / International Journal of Solids and Structures 46 (2009) 824–836in the transverse directions as in Case 2 and Case 4. It can also be noted from Fig. 11 that, as the fp1 increases, the contribution
of fp2 to the CTE decreases, and therefore the CTE ratio increases as in Case 2 and Case 4.
The previously evaluated composite behaviors and properties for the four cases are depending on the total volume frac-
tion of all types of reinforcements. Fig. 12 shows the normalized CTE and Young’s modulus (E) of the composite when the
total volume fraction of all types of reinforcements is set to be 30% and is divided equally between the existing reinforcement
types. However, including the second type particles with different shape or material from the ﬁrst type particles affects the
normalized CTE and Young’s modulus, changing the shape is more effective than changing the material as Case 2 has higher
value of E and lower value of the normalized CTE than Case 3. When the second type particles are different in both shape and
material (Case 4), Young’s modulus reaches its maximum and the normalized CTE reaches its minimum. Eventually, the ef-
fects of the reinforcement shape and material should be considered when designing mechanical parts made of composite
materials.
However, all of the above presented results are for composites containing two types of particles, the proposed constitu-
tive laws are applicable for composites containing many types of particles. Fig. 13 shows the variation of the normalized CTE
and Young’s modulus in the loading direction for a perfect composite containing three types of particles. All parameters of
Case 4 are considered beside fp3 = 10%. It can be seen that Young’s modulus is increasing with the increase of fp1. Also, the
normalized CTE is decreasing almost linearly with fp1. Due to the existence of the third type particles with the previously
mentioned properties and shape, it can be seen that Young’s modulus for fp1 = 0, has a higher value than that of Case 4 in
Fig. 5. On the other hand, the normalized CTE has a lower value than that of Case 4 in Fig. 10 under the same conditions.
The third type particles have a small aspect ratio that leads to an increase in the normalized CTE of the composite, but its
lower CTE has an opposite effect. It can be noted from Fig. 13 that the effect of the CTE of the third type particles is dominant
and therefore the normalized CTE is lower than the corresponding values of the composites not containing the third type
particles.1.0
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Fig. 12. Effects of the particles’ geometries and properties on the normalized CTE and Young’s modulus of a composite containing two particle types and the
total volume fraction of all types of reinforcements is 30%.
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Fig. 13. Effects of the particles’ geometries and properties on the normalized CTE and Young’s modulus of a composite containing three particle types.
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Elastic–plastic constitutive laws for multi-type ellipsoidal particle reinforced composites are developed. The composite
system is idealized by distributed elastic particles in an elasto-plastic matrix. Both the reinforcing effect of the different par-
ticle types and the weakening effect of the damage evolution are taken into account. Moreover, if all particles are replaced by
voids, the constitutive laws are capable of treating porous materials with cavities of different shapes. Numerical simulations
show that the proposed model is consistent with other models existing in the literature.
The developed constitutive laws show the capability to provide the overall effective thermomechanical properties, which
include Young’s modulus, Poisson’s ratio, shear modulus and thermal expansion coefﬁcient in different directions, equivalent
to a homogeneous material. Also, from the heterogeneous microstructural properties, these laws provide the overall (mac-
roscopic) composite responses due to mechanical and/or thermal loading conditions. Meanwhile, they simultaneously rec-
ognize the behaviors of the individual constituents of the matrix and different particle types. Moreover, these constitutive
laws can be implemented for solving 3D problems.
The developed constitutive laws can be used for improving the mechanical, physical, rheological as well as thermal prop-
erties of composite materials in order to suit a wide range of applications. Therefore, they help for novel thermomechanical
behaviors of composite materials containing multi-type particles. These can be attained by proposing the optimum shape,
material and constitutional parameters represented by the aspect ratio, properties and volume fraction of each particle type,
respectively. Eventually, the present constitutive laws present worthy tools for designing mechanical components made of
composite materials.
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